ABSTRACT. In a normed linear space X, consider a nonempty closed set K which has the property that for some r > 0 there exists a set of points xo € X\K, d(xoK) > r, which have closest points p(xo) € K and where the set of points xo -r((xo -p(xo))/\\xo -p(zo)||) is dense in X\K. If the norm has sufficiently strong differentiability properties, then the distance function d generated by K has similar differentiability properties and it follows that, in some spaces, K is convex.
||x -p(x)|| = d(x,K) = d(x).
It has long been known that in smooth finite-dimensional normed linear spaces every Chebyshev set is convex. In such spaces the metric projection x i-> p(x) is continuous on X\K and this fact is used in the proof. So it has been natural to assume the continuity of the metric projection when attempting to prove the convexity of Chebyshev sets in smooth infinite-dimensional spaces. The best result so far has been given by Vlasov [10, 11] who showed that in a Banach space with rotund dual, Chebyshev sets which have continuous metric projection are convex. For many years it has been a matter of speculation whether there exist nonconvex Chebyshev sets in Hubert space [8] ; both Vlasov and Asplund [1] showed that in Hilbert space a Chebyshev set with continuous metric projection is convex.
The continuity of the metric projection was shown to be not necessary when a smooth and rotund space isomorphic to Hilbert space was exhibited containing a Chebyshev subspace with discontinuous metric projection [4] . However, an examination of Vlasov's proof [7, p. 238] shows that he uses the continuity of the metric projection only to establish a differentiability property of the distance function generated by the set. Moreover stated in terms of a differentiability condition on the distance function, reference to a proximinal condition can be removed. In fact, Vlasov's Theorem can be stated as follows. PROPOSITION 1 [2, . In a Banach space X with rotund dual X*, a nonempty closed set K is convex if its distance function d satisfies limropd(z+,?)~d(a;)=l for all x E X\K.
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In particular, this differentiability condition is satisfied if d is Gâteaux differentiable and ||<f(x)|| = 1 or if d is Fréchet differentiable for all x E X\K.
It is easily seen that in any normed linear space X, if every point x E X\K is an interior point of an interval with endpoints xq E X\K and closest point p(xo) E K, then p(x) = p(xn) and the elementary differentiability condition will be satisfied. Further, it is not difficult to see that for the convexity of if in a normed linear space X, it is a necessary condition that the distance function d satisfy the elementary diferentiability condition x E X\K. We will use Vlasov's Theorem in the form of Proposition 1 to establish the corollary to our theorem.
In his papers [5, 6] , Fitzpatrick explored the relationship between continuity of the metric projection and differentiability of the distance function, and it has been this investigation which has been an incentive to examine differentiability properties of the distance function and their influence in determining convexity. I am indebted to him for observing that my results hold in a more general setting than I at first claimed.
A real function <p on a normed linear space X is said to be Gâteaux differentiable at x E X if there exists a linear functional <p'(x) on X called the Gâteaux derivative of <p at x, where, given e > 0 and y E X, \\y]\ = 1, there exists a 6(e, x,y) > 0 such that ](<p(x + ty) -<p(x))/t -cp'(x)(y)\ < e when 0 < |f| < 6.
The function <f> is said to be Fréchet differentiable at x if there exists a 6(e,x) > 0 such that the inequality holds for all y E X, \\y\\ = 1. The function <p is said to be uniformly Gâteaux differentiable on a subset D if there exists a 6(e, y) > 0 such that the inequality holds for all x E D, and is said to be uniformly Fréchet differentiable on a subset D if there exists a 6(e) > 0 such that the inequality holds for all x E D and all y E X, ]]y\] = 1. When the norm of X is Gâteaux differentiable at x ^ 0 we denote the Gâteaux derivative by fx and we note that \\fx\\ = 1. We say that X has uniformly Gâteaux (uniformly Fréchet) differentiable norm if the norm is uniformly Gâteaux (uniformly Fréchet) differentiable on {x: ||x|| = 1}.
In a normed linear space, uniform Gâteaux differentiability of the norm has remarkable consequences for any distance function. In such a space the distance function d generated by a nonempty closed set K always has a right-hand derivative d'+(x)(y) at each x E X\K and this function is concave in y [12, p. 300]. But further we are able to obtain a particularly useful characterization for Gâteaux differentiability of the distance function. When the norm is uniformly Fréchet differentiable we are able to derive a similar characterisation for Fréchet differentiability of the distance function.
Given a nonempty closed set K in a normed linear space X we denote by P(K) a set of points x E X\K where there exist points p(x) E K such that ||x -p(x)|| = d(x). For any x E P(K) with closest point p(x) € if we will denote by x the unit element in the direction x -p(x). PROPOSITION 2. In a normed linear space X with uniformly Gâteaux (uniformly Fréchet) differentiable norm, given a nonempty closed set K with a set P(K) dense in X\K, and choosing for each x E P(K) a closest point p(x) E K, then the distance function d generated by K is Gâteaux (Fréchet) differentiable at x E X\K if and only «/{/-} is weak* convergent (norm convergent) for zn E P(K) and {zn} Z n converging to x. (Of course, if {/-} is weak* convergent for zn E P(K) and {zn} Z n converging to x, then it is weak* convergent to d'(x) the Gâteaux derivative of d at x.)
PROOF. The proof when the norm is uniformly Gâteaux differentiable is contained in [3, Theorem 4 and 2, Corollary 9]. We need only consider the case when the norm is uniformly Fréchet differentiable.
Suppose that for every sequence {zn} in P(K) where {zn} converges to x, the sequence {/-} is norm convergent. Then d is Gâteaux differentiable at x. Suppose Z n that d is not Fréchet differentiable at x. Then there exists an r > 0 and a sequence {yn} in X where yn -► 0 such that
Since P(K) is dense in X\K, for each n choose zn E P(K) such that ||zn -x|| < n^WynW-Then
Since the norm is uniformly Fréchet differentiable, given 0 < e < r/2 there exists a 6(e) > 0 such that Putting wn = 6yn we have \\wn\\ = 6 for all n, and for each n, Since the norm is uniformly Fréchet differentiable there exists a 0 < 6' < 6 such that I ||2n -P(Zn) +Wn\\-]\zn-p(zn)\\ -U (wn)\ z n < r||wn|| for all zn and ||w"|| < 6' < r6.
So r6 < \\zn -x\\ + d(zn) -d(x).
But this contradicts the continuity of d. D The following lemma, using a construction of Fitzpatrick [6] , shows the significance for distance functions of differentiability in closest directions. We are now ready to present our theorem.
LEMMA. If a normed linear space X has uniformly Gâteaux (uniformly Fréchet) differentiable norm and for a nonempty closed set K, D is a subset of P(K) where d is differentiable at each x E D in the direction of a closest point p(x) E K uniformly on D, then d is uniformly Gâteaux (uniformly
THEOREM. In a normed linear space X with uniformly Gâteaux (uniformly Fréchet) differentiable norm, a nonempty closed set K generates a Gâteaux (Fréchet) differentiable distance function d on X\K if for some P(K) and r > 0, the set Pr(K) is dense in X\K. for all x E Pr(K) n B(x,f), 0 < \t\ < 6.
Then for x,zE Pr(K) n B(x; f) and y E X, ]\y\\ = 1,
for all 6/2 < \t\ < 6 < 6e for all ||x -z\\ < e6.
That is, the mapping x i-> /-(y) (x t-► /-) is uniformly continuous on Pr(K) C\ B(x; f). Since Pr(K) is dense in X\K, this mapping has a unique continuous extension on B(x; f). But this implies that for any x E B(x; f) and sequence {zn} in Pr(K) D B(x; f) converging to x, {/-} is weak* convergent (norm convergent). (ii) X has uniformly Fréchet differentiable norm, then K is convex.
We note that any proximinal set K with distance function d Gâteaux differentiable on X\K has ||d'(x)|| = 1 for all x 6 X\K. So if X has uniformly Gâteaux differentiable norm and K is proximinal and satisfies the proximinal condition, then K is convex. In a rotund normed linear space X with uniformly Gâteaux differentiable norm, if K satisfies the proximinal condition then every point x E X\K which has a closest point in K has a unique closest point in if. For suppose that there exists a point x E X\K with two closest points pi(x), P2(x) 6 K and denote by Xi and x2 the unit vectors in the direction x -pi(x) and x -p2(x). From the Theorem, d is Gâteaux differentiable at x and d'(x) = f-= /-. Since X is rotund we conclude
that pi(x) = P2(x)-Conversely, if the Chebyshev property implied the proximinal condition then in Hilbert space every Chebyshev set would be convex. Lau [9, p. 794] has shown that in any reflexive Banach space X with Kadec norm, every nonempty closed set K has a set P(K) dense in X\K; in particular every Hilbert space has this property. We note that if there exists an r > 0 and a set Pr(K) dense in X\K then there exists a set P(K) which is dense in X\K; if the converse were true then in Hilbert space every Chebyshev set would be convex.
A proximinal set if in a normed linear space X is a sun if for every x E X\K with a closest point p(x) E if, points x + tx have p(x) as a closest point for all t > 0. If for a proximinal set if and some r > 0, Pr(K) is not dense in X\K, then there exists an x0 E X\K and an 0 < r' < r such that B(xq; r') n PT(K) = 0-Then p(xo) is not a closest point for xo + ixn. when r -r' < t < r + r' and so if is not a sun. As a convex proximinal set is a sun, we conclude that the proximinal condition in our Theorem is a necessary condition for the convexity of a Chebyshev set and so, in a Banach space with rotund dual, such a condition is less restrictive than the continuity of the metric projection.
Finally, it should be noted that if there does exist a nonconvex Chebyshev set if in a Hilbert space X, then even though we have P(K) = X\K, for each r > 0 there exists a "black hole" open ball which contains no points of Pr(K).
NOTE ADDED IN PROOF. It is not difficult to show directly that the proximinal condition implies the Vlasov differentiability condition and so the following result holds which is more general than the above Corollary.
THEOREM. In a Banach space X with rotund dual X* a nonempty closed set K is convex if for some P(K) and r > 0 the set Pr(K) is dense in X\K. 
